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ABSTRACT 
Integral formulas are derived for the pressure correlation and mean square fluctuating pressure 
<p2>TM owing to the interaction of shear layers (i.e., planes of high mean shear sepa-
I 
rating regions of uniform, but different, mean velocity) with turbulence. Results for a single 
~/shear layer, assuming isotropic turbulence, indicate that in the far field (i .e., at distances 
from the shear layer large in comparison with the correlation length of the turbulence) 
(p2, decays as the inverse fourth power of distance from the shear layer. Departu re from 1M . 
isotropy, for a given mean kinetic energy of the turbulence, decreases the near field value 
of <p2>., ,but increases the far field value. For the double shear layer it is shOWN that 
TM 
if the distance between the shear layers is large in comparison with the correlation length 
of the turbulence, the resulting value of <p2) is a superposition of the effects of tlhe shear 
TM 
layers acting independently. Otherwise, interaction between the shear layers must be con-
sidered. These resu Its are used to obtain order-of-magnitude estimates for the mean square 
wall pressure fluctuations in a turbulent boundary layer. These estimates show reasonably 
\ 
close agreement ~}'ltHt\,ther published results. 
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INTRODUCTION 
The problem of ,pressure fluctuations in homogeneous, isotropic turbulence was 
first considered by Heisenberg 1 and Batchelor2 . The effect of turbulence-l'r1ean 
flow interactions On turbulent pressure fluctuations was first studied by Krai'chnan3, 
who considered the interaction between a uniform mean shear and homogeneous, 
i$otropic turbulence, and compared the results to the effects of "turbulence-
I • 
turbulence ll interaction. Subsilquent investigations 4,5,6,7 have been concerned 
mainly with pressure fluctuations owing to boundary layer turbu lence. The 
r.sults of the work on boundary layer flows indicate that it is the turbulence-
mean shear interaction which gives the major contribution to the pressure fluc-
tuations. ' 
In the theoretical analysis which follows, the problem of pressure fluctuations 
owing to the presence of shear layers in homogeneous turbulence is considered, 
with emphasis On the turbulence-mean shear contribution. The shear layers are 
taken to be planes of high mean shear which separate regions of uniform, but 
different, mean velocity. Flow condition$ which can be approximated by one or 
more shear layers are found in the region immediately downstream from a rear-
ward facing step in channel flow, the region near the exit of a jet, the immediate 
downstream area in the wake of a projectile, and in a boundary layer. Also, areas 
of strong wind shear separating adjacent regions of greatly differing wind velocity 
I 
ar~ frequently found in the atmosphere, and are usually associated with 
significant atmolpheric turbulence. 
1 
In th - ollowlng section th formulas fo the pressur corrtllot,on and the mean 
square fluctuating pressure owing to turbulence-mean heat Interaction are de ived, 
and a re ~ppl ied to the ease of the sing Ie shear loyer, and also to the case of the 
double hear layer. ~e Hect of anisotropy of the turbulence is discussed i In 
th ·nal section It is shown how the es It ob In d her can be used to give rough 
o agnitude estimates of the wall pressure fluctuations in a turbulent boundary 
layer. 
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2.0 GENERAL THEORY - SINGLE SHEAR LAYER 
The motion of an incompressible viscous fluid is 90verned by the Navier-Stokes 
equations: 
au. au. 
--.!. -L. at + u. a ~ J x . 
J 
+ 1 h = V v2 u. p ax. I 
I 
au. 
I 
- - 0, ax. 
I 
(2.1) 
(2.2) 
where o. is the velocity, p the pressure, p the density, v the coefficient of 
I 
viscosity of the fluid, and xi' t are the space and time variables, respectively. 
Here the indices i and j range over the values 1,2,3, and, in the usual tensor 
notation, a repeated index indicates a summation over that index. Differentiating 
Equation (2. 1) with respect to x., and using (2.2), we obtain the equation for 
I 
the pressure in terms of the velocity: 
if 
= - p a ax (u. u.) . 
x. . I J I J ' , 
(2.3) 
! 
I I:f Wft now write the pressure and velocity as the sum of mean 'and fluctuating 
• parts, I ••• , 
u. 
I 
= U. + 'ir. 
I I 
, 
(2.4) 
p = p + , 
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where 
u. .. (u > I • i 
P, = (p) 
or. the mean quantities (the brackets () indicate an ensemble average or, since 
we are considering, a process which is stationary in time, an equivalent time 
average). Substituting (2.4) into (2.3) we obtain 
= - p /ax [U.U.+2U.U.+U.U.]. 
x. . I J I J I J 
I J 
(2.5) 
Taking the mean of both sides of (2.5), and noting that the mean of any fluc-
tuating quantity is zero, we obtain the equation for the mean pressure: 
v2 p = - p : ax [u.u. + (u.u.>] , 
• • I J I J I J 
(2.6) 
where we have assumed that the process of differentiation and taking the mean 
c~mmute . Subtracting (2.6) from (2. S) yields the equation for the fluctuati n9 
pressure: 
v2 p = - p ax aZax [2U.U. +0'. u. - (u.tr.>] . 
'.. I J I J I J . 
I J 
(2.7) 
We nOw drop the tilde notation, and for the rema inder of the paper the symbols p 
and u. wi II denote fluctuating pressu(ie and -velocity I respectively. Equation 
I 
(2.1) then becomes 
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Now the equat ion 
~p--pf(x), 
where f(x) decays to zero sufficiently rapidly at m, has the solution 
p(x) = ..e.. Ii f(y) dy , 
411 1---1 x -y 
(2.8) 
~here dy ~ dy) dy2 dY3 and the integral is taken over all space. (Here, and 
in the notation which follows, a symbol denoting a vector quantity is written 
with the arrow above, while the same symbol wit)hout the arrow denotes the 
~; 
length of the vector, e. g. , 
1 
Also, sometimes (x21 + x
2 + x2)~ is written as IXI .) Then; assuming the 
2 3 
turbulent velocity is zero outside sere finite region, the solution to (2. &) is 
5 
p(x,t) = ..f.4 fByiiBy [2U.(y)u.(y,t) +u.(y,t)u. (y,t) -<U.rr;t)U.(f,t»] • 
'If •• I J I J I J 
I J 
I -1 x-yl dY. (2.9) 
It follows from (2.9) that 
p(x,t)p(X',f') = p2 ff/ By [2U.U. + u.u. -<U.U.>]· 
16~ . Yi j I J I J I J 
(2. 10) 
where u. ~ u.Cy,t), u!::: u.<Y',t'), etc., and the indices k,l range over the 
I I I I 
values 1, 2, 3. Taking the mean of both sides of (2. 10), and neglecting third 
order means (see Batchelor2 for a discussion of this point) we obtain 
I -11 I-I - -I -, -, d-d-' x -y x -Y Y 'I . (2. 11) 
i 
i 
i 
U,ilizing the fact that the mean and fluctuating velocities ea'eh satisfy the eon-
tinuity equation, and taking the differentiation outside the brackets, (2. 11) can 
il 1.'6 
, 
! 
! 
I 
t 
t , 
I 
! 
i 
I , 
I 
':I 
be written 
\ 
. ,.~~ ,.,--------
, "---~,--.--,------
1 .. - _1-1 1-' -4.'1-1 d- d~' -x -y x - y y y. (2. 12) 
The first term in the integrand on the right-hand side of (2. 12) represents the 
contribution to the pressure correlcflion due to the interaction of the turbu lence 
with the mean flow, while the second term gives the contribution due to the 
turbulence-turbulence interaction. Denoting these terms by (p(x, t)p(x', tl)>rM 
and (p(x,t)p(x',t')>rT ' respectively, we have 
(p(x,t) p(x',t'» = (p(X,t) p(x',t')>rM + (p(x,t) P(X',t ')>rT I 
where 
(p(x ,t) p(x' It')~ = 
TM 
(2. 13) 
and 
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(p(x,t) p(X', tl». = 
TT 
d-d-I Y Y • (2. 14) 
Th~ turbulence-turbulence term. (2.14) has been examined in detail by 
Kraichnan3 for the case of isotropic turbulenc'e. Kraichnan, in the same paper, 
also considered the turbulence-mean flow term (2. 13) for the case of a uniform 
mean shear superimposed on isotropic turbulence. In the present work we shall 
consider the turbulence-mean flow term when the mean shear, instead of being 
un~form, is confined to One Or' more planes in three-dimensional space, these 
planes separating regions of different, but uniform, mean velocity. These planes 
are then the shear planes, or shear layers. 
We consider first the case of the single shear layer, which we assume to be 
coincident with the plane X, = 0, and which separates semi-infinite regions of 
uniform mean velocity Vo and VI' respectively, in the _XI direction. The mean 
! -v-,_, _ 
"~--.----':.' 
velocity profile for this case can then be written 
where H denotes the Heaviside unitary function, i.e., 
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lOfor x<1 H(x,) _. 3 1 for ~ > 1 • 
Differentiating with respect to x3 we obtain the mean shear: 
(2. 15) 
where 5 (x3) refers to the Dirac delta function. Substituting (2. 15) into (2. 13) 
and integrating with respect to the x3 and x~ variables, we obtain the integral 
f~rmula for the pressure correlation owing to the interaction of the turbulence 
with the shear layer: 
8lR-- -I-I 
""33 ~ _ )1_ -I 1- -I 
___ \." .,' x - ., x • - ., I • 
a"l a.,; 
. (2. 16) 
where R •• (y,y') denotes the velocity correlation (u.(y) u.(y'», Ii= (Yl 'Y2 ,0), IJ I J 
~I = (Yi ,y~ ,0), and d'il= d.,.d'12' (We have here suppressed the time 
variable by setting t = tl.) The right-hand side of (2. 16) may be integrated 
by parts to yield 
(2. 17) 
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where we have here set V. I V, - Vol 0 
If the turbulence is homogeneous (Leo, R33 = R33 (ii_iii», (2 0 17) cal1 be written 
... 
or, letting t = il-:"i; I, 
-
p~ V 2f R. (7)f' a I'" 7' .... ~)·I-' a I"" "'1-' d~d7 
-' "'3 ~ ax x - ~ - '1' - x -., ., ~ • 4 .• 2 ,. ax' 
. I 
(2 0 18) 
Now 
, 
... 
so that (2. 18) can be written, after setting ~ -iii, 
10 
,: 
'
''', 
re, -, r ~ 
1/ 
Setting x = x' :;=(O,O,h) in (2.19) we obtain the formula for the mean square fluc-
tuating pressure due to turbulence-mean shear interaction at a distance h from 
the shear layer, which 'We denote by (p2 (h)>' ,in the form 
. TM 
-The ~ integration of Equation (2.20) is carried out in Appendix A. Substituting 
that result (Equation (A 16» into (2.20) we ,obtain 
,(2.21) 
We now apply the above results to the case when the turbulence is isotropic. 
The V,elocity correlation for this case can be written, following Batchelor8, 
R •• m = v2 [-21 r(S •• -r.r./..z)f'(r) +S •• f(r)] , IJ IJ I J IJ 
where y2i is the mean square of any turbulent velocity component, f(r) is the 
longitudinal velocity correlation coefficient for the turbulence, and S.. is the 
IJ 
Kronecker delta. Then ", 
(2.22) 
11, 
__ ~_.,. _____ bt"""II!$"'II."" ___ £ __ :-_" ~~·-' __ """''''''_'-~ ___ k.IIj____ .... "'. ___ •__ " _, ---'''''''0'_-'-'_ .". 
Substituting (2.22) into (2.21) and l~ttin9 'P d~notl' tile anglt.,lnlltw(!t!ll tit .. Vt'CtOI 
(~" ~2 ) and the ~ axis, we have 
. I 
[I -(I + ~2/z2)-~] I (~ZizZ)(1 + ~2/z2)-3j2 cos2.I~dtd\. 
(2.23) 
'~where we have, for convenience, introduced the notation 
z =.: 2 hand J(z) ::- (p2 (h» ~- (p2 (z/2) . Integrating first with respect to t 
TM TM 
gives 
J(z) : t p2 v2 VZ z -1CX>(1 q2/b -3tl [ ~ f(t) ~ t~2 f'(~)] d ~ . (2.24) 
o 
Noting that 
the right hand side of Equation (2.24) can be integrated by parts to yield 
CD 
J(z) = trl-'}VZz· 4j ~3(1 +t2/z2)_5/2 f(t)dt, (2.25) 
o 
12 
which can be re-written in the form 
J(z) = irl.}"; Z JtrJ t 3(t 2 +l-) -5/2 Ht)dt . 
o 
We define 
I(z) = z . ~ 3 (t2 + z2). f (t ) d t , f CX) - 5/2 
o 
(2.26) 
(2.27) 
so that I(z) is essentially a normalized mean-square pressure fluctuation. Making 
the change of variable ~ = z'l , (2.27) can be written 
Differentiating (2.28) with respect to z we obtain the formulas 
(2.29) 
(2.30) . 
Since f(t) is a non-increasing function of t we must have f'(C) ~ 0 for all ~, 
10 that, by (2.29), I'{z) < 0 for z > O. Integrating by parts in (2.30) we have 
13 
I 
'1' 
t 
,.;; 
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, \ 
I"(z) = - Sz -I If» 1)4 (1 + 1)2(/2 f'(zI)dl); z>O, 
o 
so, that I"(z) >0 for z>O. Also,letting z _ 0 in (2.28), f(z.,)- f (0) = 1 
. 
. f~r a II I) >0, s; that, carrying out the integration, we obtali,n 1(0) = t; i. e • , 
since J(z) = -; rl- '" y2 l(z),1 
. (p2 (0)>- = -21 p2 V2'; • 
TM 
(2.31) 
Note that we cannot obtain 1'(0) and 1"(0) by a similar limiting process, since 
, 4 2 -5/2 5 2 -5/2 the functions ., (1 + ., ) and., (1 +., ) are not integrable on the 
interval 0 ~ '1 < + (I); however, it can be shown, assuming f'(O) = 0, that 
I'(z) and I"(z) approach finite limits as z - O. Also, it is clear, by writing 
I(z) in the form 
I(z) = Z -41 f» C3(1 + C2/z2(5/2 f(C)dC, 
o 
(2.32) 
( -4 that 1 z) decays like z as z - (I); i.e., in the far field, the mean square 
pressure fluctuation due to turbulence-mean shear interaction decays as the 
.nverse fourth power of distance from the shear layer. (The near and far fields 
I 
I Of the shear layer are defined according to whether the distance to the shear 
Ilciyer is much less than, or much greater than, the correlation length of the 
turbulence. This, of course, b not to be confused with the acovstic near and 
far fields, since we are dealing hert'! only with incompressible flows.) W" can 
then sketch, J(z) or, equ iva lently, (p,2 (h)~M ,as shown in Figure 1. 
14 
r •.. ¥ ..... ,'-..... ". 
(p2 (h)~M /rJ v2 v2 
1 
-2 
~----------------__________ .. h 
Fig. 1. Normal ized mean-square pressure fluctuation due to turbulence-mean 
shear interaction vs. distance from shear layer (isotropic turbulence). 
We can obtain an asymptotic·expression for (p2 (h)} for large h as follows: . 
TM 
We first take f(t) = e _02t
2 
, where 0 -1 is the correlation length of the 
turbulence. Substituting this into (2.32) we obtain 
I(z) = z _4fCD t 3 (1 +t2/;)-S/Z e -J r,z de , 
o 
which becomes, after a change of variable, 
Now 
(2.33) 
fa> u(1 + u/J ;)-5/Z • -u du 
o 
. fo2 z2 2 2 "_5/2 -u 
= u(l + u/o z ) e du + 
o 
(2.34) 
Then, using a power series expansion, we c:~~n write 
[ 
I, 
( 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
[ 
r 
- 1 + t higher order terms in (a zf T 
It can easi Iy be shown that the second term on the right hand side of (2.34) 
_1 
involves only higher order terms in (a z) , so that, for large a z, 
I(z) (2.35) 
Then since 
(p2(h» = J(z) = -43 p2 V2 J- I(z), 
TM 
. we can write, after substituting for z = 2 h, 
(2.36) 
for a h large; i.e., for h large in cornparison with the corr.elation length of the 
turbulence. 
16 
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TUR8ULENC~ WITH SCALE ANISOTROPY 
We consider. now the somewhat more realistic situation in which the turbulent 
eddies are elongated in the direction of the mean flow. Following Kraichnan 3, 
we introduce the anisotropic velocity (:orrelation function 
(a) l' ~ y...: 2 -I 6i1 6jl (-1 JP jA-. jA-R.. (~, ~2' ~ ) - 3(2 + a ) a a R •• a ~I' ~2· , ~3)' IJ 1 3 . IJ (3. 1) 
where a> 1 is the anisotropic scale factor and R .. (~) corresponds to isotropic 
. ~.~ 
turbulence. It can easily be shown that R~?) (f) satisfies 
IJ 
aR~?) (f). 
IJ = 0; also that R~?) (1") corresponds to a turbulent flow in which a ~. IJ 
J 
the mean kinetic energy density is the same as that for isotropic case, and also 
a flow in which the correlation length is stretched by a factor a in the tl 
direction . 
Now sinceR •• ft) corresponds to isotropic turbulence r we can write IJ 
R •• (f) = .; [(5 ... - t.t./t2) -21 tf'(C) of-: 6". f(t)] 
IJ IJ 1 J IJ 
Then substituting Equation (3.2) into (3. 1) we obt(lin 
t.' 
f«t2- y2t~ )~)J 
17 
II 
(3.2) 
(3.3) 
· /-'\ 
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r 
r-
where y2 = 1 - 01.-2 , and ~2 = ~~, + ~~. Letting t be the angle between the 
T 
vector (~1' ~ ) and the ~ axis, and defining ). = (1 - y2 cos2 t>"2 , Equation 
2 1 
(3.3) can be written . 
(3.4) 
Substituting (3.4) into (2.21), and setting z = 2h as before, we obtain 
[I -(l + ~~) -t] + (~2/~)(1 + t2/~) -3/2 C~'I>J ~-1 ~d~, 
(3.5) 
where J(a)(z) is the anisotropic counterpart of J(z). Noting that 
we can use integration by parts on Equation (3.5) to obtain 
\\ 
t 
l 
[ 
[ 
\'f 
, . .,." ...... ~~, .. ~~~ib ."-;?o.~"'1iII' _ .. 1 .......... ..,4 •••. l_Z_(=_¥ __ .... ___ .... I_ .... ,.._lI ..... I_.~;} ______ _ 
(3.6) 
Makingihe change of ' variable ., = ~/z, Equation {3.6) becomes 
3 2 V2 2f2JOO [ 1 1 -3/2] p v (1 _ 2 cos2 ~) 1 - (1 + '12) - 2 - '2.,2 (1 +.,2) • 
211(2+ a2 ) 
o 0 
Letting z - 0, in (3-;..7) we obtain 
J(a) (0) = 3'p2 V2 v2 
2(2+ ( 2) 
(3.7) 
, 
or, letting (p2 (h)}(a) denote the mean square fluctuating pressure at a distance 
TM , 
h from the shear layer for the anisotropic cQ$e, we have 
U~on comparing this result with (2.31) we see that anisotropy results in a 
, 
reduction of mean square fluctuating pressure at the shec::ir layer. 
il 
19 () 
" • l~d (M._.J. 
II 
1 lt~. 
II 
d 
;/ 
/ 
In order to obtain far field results for J(a)(z) we first assume 
so that 
f( A~) = 
Using a procedure similar to one used previously (see Equations (2.33)-(2.35», 
, 
the integrands of Equation (3.6) are expanded in powers of t/z and terms of 
order (l/a z~ and higher are discarded. TI1~h after integrating with respect to 
~, (3.6) b.ecomes 
The integral on the right hand side of Equation (3.9) can be integrated by 
means of tables, with the result 
for a z large, where 
K(a) i. = 3a (1 +3(2) 
4(2+ a2.) 
20 
• 
(3.9) 
(3. 10) 
(3. 11) 
I 
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Since 
Equation (3. 10) can be put into the alternate form 
3 
-128 (3. 12) 
! 
for large a h, where h is the distance from the shear layer. This is to be 
compared to the isotropic result (Equation (2.36» • 
Note that K(a) is monotonically increasing with a, i.e., for mean kinetic 
~nergy de,nsity fixed, the mean square pressure: fluctuations due to turbulence-
mean flow interaction at large distances from the shear layer increases with. 
'increasing anisotropy of the tur.bulence. 
I; 
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4.0 DOUBLE SHEAR LAYER 
I 
If is appropriate here to consider the case of the double shear layer, since, as 
will be seen, the effe,ct of multiple shear layers on the mean square pressure 
fl~ctuations is not a simple superposition of the effects of the individual shear 
layers. Also, the results obtained here will be of use in the discussion of 
boundary layer turbulence. 
I 
The symmetric double shear layer considered here is characterized by a region, 
say IX31~ a in xl- x2 - ~ space, in which the mean velocity is uniform and 
is equ_al to Vo in the XI direction. This region separates two semi-infinite 
regions i~ which the mean velocity is uniform and is equal to VI in the Xl 
directi'on. The planes x3 = :!: a are then the shear planes. 
The procedure is similar to that of Section 2. We first write the velocity 
profi Ie in the form 
Differentiating, we obtain the mean shear: 
-;-l = (V - v r·· 6 (x - a) - 6(,( + a) : • au . [ ] VX3 1 0 3 . 3 
Substituting the expr ... lon for the mean lIMa, lAto Equation (2. 13) we obtain 
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3,3 r!' ~) ,- - 1- .,-. -. 1-· -~\'1 II") x-'1 x-'1 -88 1 + - + -
'1, '1. 
(4. 1) 
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l. 
(p(X) p(XI)} 
TM 
p2y2~r { ~ - a 1- - 1-1 a 1- - 1-1 
= 2 R33 \ 'l +' 'l~) a'l x - 'l + a'll x 1_ 'l ~ -
4.. 1 1 
If we assume now that the turbulence is homogeneous, we can make changes of 
vClriables in (4.2) similar to those of Equations (2. 17) - (2. 19). Equation (4.2) 
then becomes 
(\ 
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[ 
[ 
[ 
l where ..... ~ = (CI ,C2 ,O), 0 
~ -'!o ~+ = ( t I ' C 2 ' 2a), 
[ -C = (C1 , C2 ,- 2a), 
[ -:. ~!+ = (~I ' ~2 ' a), 
-.l 
[ ~! = ( ~ I ' ~ 2 ' - a) , -
...; 
[ ·tl = (tl ,t2), 
~ 
.. 
'.' [ 
~ = (~1'~2)· 
I 
"0 ,obtain the formula for the mean square pressure at a di!t!1nce h from the 
[ XI')(2 plane we set X = X • = (0,0, h) in (4.3) with the result 
[ 
[ 
2S 
_ • _ I_A 'II"";~. ... ........ _____ - .... _ ._~ 
f' -I ~+t R (t) " 1 I 33 - . [- - ] 3/2 
.1 ~+ tI2+(h+a)2 
In examining the four terms occurring on the right hand side of (4.4), it is seen 
-that the two terms involving to are of the same form as that of the single shear 
layer (Equation 2.20) and therefore give the contribution to (rI' (h)~M which 
would be expected if the shear layers actei independently. The two terms 
- -involving' t+ and t give the contribution to (p2 (h)>- owing to the 
- TM 
correlation between the fluctuating pressure due to one shear layer and the 
fluctuating pressure due to the other shear layer. We s~all refer to this effect 
as interaction betwee,n the shear layers. Then, in general, the mean square 
fluctlJating pressure due to the. interaction of turbulence with mean shear in 
mu,ltiple shear layers is not a simple super~ition of the contributions of the 
t 
shear layers acting independently. It is, however, clear from Equation (".~ 
that if the distance between the shear layers is large in comparison with the 
correlatlon-'ength of the turbulenc.1, 'the_n. the terms in (4.4) corresponding to 
i ..... 
I",eraction between the shear layers can be neglected, since thenR33( t') and 
1- -R~( C.J wl~lbe small in comparison with 'lI( Co), .·n this case (p2(h)>rM ca," 
be conlldered asG ..... It!lon of the •• ,t1 of t.he ·...,Ia, •. IS~t •• 
1: .. ,. •• :1!1· 
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For the case in which the distance between shear layers is of the order of the 
-correlation length of the turbulence, the four ~ integrals occurring in (4.4) 
can be evaluated using the formula derived in App,ndix A. We shall consider 
here the case in which the distance from each of the shear layers to the point 
x is large in comparison to the distance between the shear layers, i. e. , 
I hi» a. Then we can replace (h* a)2 by h2 everywhere in (4.4) without 
introducing significant error "and, using (A16), Equation (4.4) reduces to 
c2 {(1-2t~;C2)~-(H(2/.h2) -1] + 
(tV.~)(1+t2/.~fsjl}dC · (4.5) 
Not.e a~lOthat by IUbititutinga·for hOl!\ the riththand l1deel ( •• 5)" which 
'a eqw t valent to MtHngh ~ 0 1n( •• 4# weobtalift.he exact formula for t'M 
IMCIntqUGr. rJuctuaHn, prtdIU'. at apoi'nt m;l,clwayMtw .. nt ..... ,loyen • 
.. (~ .. vi [f(t> + Tt,I(C)] • 
. y7) .. yc; .. yI[f(tJ+tt.(t-~)r(t.)],. 
, 
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so that, letting b = 2a be the distance between the shear layers, (4.5) becomes 
(4.6) 
The first integral on the right hand side of (4.6) is, except for a factor of two, 
identical to one encountered previously (see Equations (2.23)-(2.25», and so 
we can write 
Q) (t~/ .. t1)(l+ t~ .. t1f3/2}df = ~~vRJz -1 t 3(1+ t~z2)-5/2f(t)dt, 
o 
(4.~ 
where, as befor." z = 2h .. Writing the second integral on the right hand side 
of(4_6),intenns of polar coordinates as in (2.2~, and carrying out the 
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CD 
rf yZ.}z-i t [f(t) + k t+(l -lilt! )f·(t) ](1 +~'lz2f3/2 d t · 
o 
Making a change of variable, we can write 
ex> 
rfyZ.}z -1 t~(t) + t tp - b'lt!)f·(t)](1 + tW)-3/2 dt = 
o 
ex> 
p2yZ.}-'-i [tHt) +t(t2-1I)f·(t)][I+(t2-b2)/z2f3/2 dt . 
b 
Noting that 
we can integl'CJte by parts to obtain finally 
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% p1y2.}Z_4! «(1_ bt ) [1 + (~1_ b1)jz1 r5/ 1 ~f(~) d ~ . 
b 
< .. S;;ubstituting (4.7) and (4 .. 8) into (4.6) we 'have 
fa> (~2 _ b2 ) [1 + (~2 - b2 )j:l r 5/2 ~f(~) d ~}, 
b 
(4.8) 
(4.9) 
where we have assumed that Iz I »b. The first term on the right hand side of 
(4.9) is just twice the mean square fluctuat'ing' pressure for the case of a single 
shear layer coincident with the xl - ~ plane, and gives the contribution to 
(p2'{h)>rM due to the effects of the shear layers o9-tingindependently. The 
~econd term gives the contribution to (p2 (h)~M due to interaction between the 
\ 
shear layers. This term is negative, Le., in this case interaction between the 
$hear layers tends to reduce the mean square pressure fluctuations. 
~s noted previously the exact formula for the mean square fluctuating pressure 
at a point midway between the shear layer, i~e., for h =01. is obta.ined by 
replacing h by a everywhere in the right hand:3ide of (4.5), i.e., <~ 
,-' 
For isotropic turbulence then we obtain aftfi!r replacing z by b everywhere in 
(4.9) 
CD 
(p2. (O)} - = 1. D2 V2 " {'bl ~3 «(2 + b2t-~ .. 5/2 f(C) d ~ _ 
TM 2' l' 
o 
b fOO t- 4 (t2 - ~)f(t) d t }. (4.11) 
b 
'Again we see that interaction between the shear layers tends to n!duce the \:.: 
mean square fluctuating pressure. 
() 
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ApPLICATION TO BOUNDARY LAYER TURBULENCE 
The results of the preceding sections can be used to give rough order-of-
mQgnitude estimates for the mean square fluctuating pressure owing to 
turbulence-mean Ghear interaction in a turbulent boundary layer. The pro-
cedure is to first approximate the flow near the boundary by means of a mirror 
flow model simi lar to the one described by K~aichnan 4 . The boundary layer is 
then approximated by a shear' layer lying at some distance from the boundary 
which is less than the boundary layer thickness, and across which the mean 
~Iow velocity parallel to the boundary changes abruptly from zero to the external 
flow velocity. In other words, the mean shear, instead of being distributed 
over the 'boundary layer, is assumed to be concentrated in the plane of the shear 
layer. 
We assume that the boundary is coincident with the x - x plane and 
1 2 
construct the mirror flow model as follows: Assume u. (X, t) represents the 
I 
turbulent velocity corresponding to homogeneous turbulence. Then, follow-
ing Kraich",an, 4 we define new coordinates x* by 
x* '= x x* = x x*....-x 
- 1 ,'2 2' 3 3 
/ and a new velocity field u~ (x,t) by 
I 
u~(X,t) = 2-! [u. (X,t) + u, (X* ,t)] 
u;ix,t) = 2-! h (X,t) + u2 (r ,t)] 
32 
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(5.1) 
(5.2) 
1 
r-// 
c/ 
~'~'~'M'''''~'_''''''' .. ~'I!L".;~d}_*_"_ •. ________ .'._' __ i"'. ___ ...... ' .... _e ------'-----------1 
u*(X,t) = 2-! [U (X,t) - u {X* ,t)l 
3 3 3 'J 
Then the velocity field represented by u~ (x, t) has mirror symmetry about 
I 
the plane x = O. It is easily verified that u~rx,t) satisfies the continuity 
3 I 
equation 
au~ 
I 
-= 0 ax. 
I 
'J 
provided u.(x,t) satisfies it, and also that u~(x,t) approximates the flow near 
I I ' 
the boundary in that u~ (x,t) and all its even derivatives with respect to x 
I 3 
'lanish on the plane x = O. It is also easily verified that the mean square 
. 3 
values of u~ far from the wall tend to the values for the homogeneous field. 
I 
At the wall, however, the mean square values of u~ and 1.1; are twice the 
values of the respective homogeneous components, wheret,\s the mean square 
value of u; at the wall is zero. (For a more detailed diiicussion of the mirror 
flow velocity field, see the above-mentioned paper of Kraichnan's.) Thon, 
defining R~.(x, Y' to be the velocity correlation for the mirror flow.1 we have, 
IJ 
from (5.2). 
- 1 
R33* (x, y) = -2 R (X -Y> - R (X* -y> -R ex -r) + R (X* -1*) 
33 3333 33 
(5.3) 
The mean flow distribution is taken to be a shear layer at x = a, with the 
. 3 
mean velocity zero for 0 < x.. < a, and equa I to V for x > a. Reflecting -~ 3 
this flow in the ~oundary plane we obtain the case of the double shear layer 
Identical to the one discussed in the previous section. We can then obtain the 
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formula for the mean square fluctuating pressure owing to turbulence-mean shear 
'interaction by substituting the mirror-flow velocity correlation given by (5.3) 
into Equation (4.2) of the previous section. Doing this, and noting that 
R~ (- -.)- R* ~ -.) R* ~ -. ) 
"'33 '1+' '1+ ::: 33' '1_' '1_ = - 33' '1+' '1_ =-
a 1_ - ,-' a f"j"'- ,-' 'a - - 1-' a r:- - -, ax, x - '1_ 2...' ,x '- '1~ +ax~IX - '1+ ,2.. •• ' x '-'1~1 + 
, V~, 'vx, 
a 1_ -1-' 81- -I-']~ ~ a; x - '1_ - x'- 'l~ a'1 d'1 • 
, ax' , 
(5.4) 
Making changes of variables similar to those of Equation$ (2. 17)-{2. 19), (5.4) 
becomes 
[ 
[ J x.- t.- ~. x'i - ~ I 
-[ pr-to -tl3 fX '- "t13 d~ + j 1 
\ " ~ !ix-t- E XI - ~I 
-
I I I d~ + I Ix -"f+-1J3 lx' -rl3 r 
.. 
~x -~-~ XI - ~I d-qdt, l 
\ 
III I I I (5.5) Ix -t -113 lx' -ZrP 
- + 1 
I c, 
1 
\ 
--.-----
where tOl ~+ I ~_' ~, ~, ~+, ~_ are as defined previously. Setting 
x = x' = '(O,O,~) in (5.5) we obtain the formula for the mean square 
fluctuating pressure owing to turbulence-mean shear interaction at a distance 
. h from the boundary: 
~I 
-~ ] ,I d ~ + ltz + (h - a)23/2 
3S 
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(5.6) 
Setting h = 0 in (5.6), and using (A 16), we ~btain the formula for the mean 
square fluctuating pressure at the bou,ndaiY owing to turbulence-mean shear 
interaction, whIch we denote by (p2) : 
w TM 
(p~t = ,.-1~y2f[2~itol-R33(7)-~i~)l 
{(1 -2 t~/t2) [1 - (1 + t 2Jb2) -!] + 
(C~/1h(1+ (~2)-3/2}t-2 d l' , (5.7) 
where b = 2a. The value of (p2) given by (5.7) is just twice the mean 
w TM 
square fluctuating pressure at a point midway be~'Neen the two shear layers for 
the ease of homogeneous turbulence, as given by formula (4. 10). Then for the 
ease in which R33 in (5.7) corresponds to isotropic turbulence, (P~)TM is 
equal to twice, the value of (p2 (O)>rM given ~Y (4. 11), I.e., 
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where v is defined as before. 
b f'» t -4 (t2 - b2)f(C) de} , 
b 
(5.8) 
In order to obtain estimates for (p~) for an actual boundary layer flow it is 
TM 
necessary to relate the parameters appearing in (5.8), i. e., V, v, b and the 
-I 
correlation length a of the turbulence, to the boundary layer flow 
parameters; namely TO' the wall shear stress, and U T ' the friction velocity, 
where liT = T o/p. We first assume that the mean velocity distribution in the 
boundary layer is of the form 
(5.9) 
where V is the external flow velocity. Differentiating (5.9) we obtain 
(5. 10) 
where S(x3) is the mean shear, and So == ~ V is the mean shear at the wa II . 
w. now choose a, the distance from the wall to the shear layer, to be one-third 
, 
the distance from the w(311 to the point at which the mean velocity is approx-
imately 95 percent of the external flow velocity. Accordingly, by (5.9), we 
choose ~ a = 1, or ~ b = 2. Kraichnan 4 states that (5. 10) gives a reasonable 
approximation to the me<:m shear in an actual turbulent boundary layer, at least 
in that region outside the laminar sub layer which is expected to give the majG:'" .. 
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c~ntribution to the pressure fluctuations, if So and ~ are chosen so that 
So = 12UT o and ~= o. Also, a reasonable value of v, according to 
experimental evidence, is I.SUT • Then, since So = ttV, w. hav. 
V = 12U
T 
' ob = 2, v = 1.5 UT • (5.11) 
Substituting (5.11) into (5.8) we obtain 
Since b is twice the correlation length of the turbulence, the second integral 
on 'the right hand side of (5. 12) can be neglected". Then taking f(C) =. -0
2 
C2 , 
and setting ° b = 2, (5. 112) becomes, after a change of variable, 
(5. 13) 
The integ~1 occurring on the right hand side of (5.13) can be eva,luated approx-
imatey by various methods. One way is to first observ~ that 
\) 
im l' 3 2 -5/2 _4.,2 . ., (1+., ) • d., o 
38 
z 
W. can t:hen approximate e ~'l 1n the tnt •. rva' 0 S. '1 S. 1 byt'h. function 
1 - 2'12 + ., ... T'he resulting In'teoral can be evaluated by means of tobl .. to 
yield finally 
In view aftho many assumptions and approximations made in the above analYSis, 
Equation (5.14) should be considered only a crude, order-of-magnitude estimate 
of th. root mean square fluctuating WQ,II pressure. However~ it is of interest to 
note that the nurnerical factor •. ,4 appearing in Equation (5 •• 4) agrees 
reasonably welt with other published results; e.9 VI Kraichnan 4 given 0 numerical 
factor of 6, while resolts obtained by LilleySindieate Q numerical fCictor of 3. 1. 
~xperimental r.sults of Bull7 indicate the -numerical factor generally lies between 
2 and 3. 
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6.0 CONCLUDING REMARKS 
Although in the p'eceding sections emphasis was placed on fi.nding the meon' 
square fI'uctuating pressure <p2~M ' the results obtained can als6 'be used to 
calc:ulate the two-point pressure corr~lation under9'Qfious conditions; e -9. 
formula (2.17) gives the two point pressure cQlTelation funcfion ewing to the 
interaction of (not necessarily homogeneous) turbulence with a $'ingl. shear layer, 
whil i• (2.19) gives the some result for homogeneous turbulence. Analogous 
results (formulas (4.2) and (4.3» are obtained for the double shear layer. The 
case of homogeneous tUfbulence with scale anisotropy can be included by substi-
ttJtingthe' eXp'~sion fOr the- velocity correlation given by Equation (~~. 1) into 
(2 _ 19) and (4.3). It should also be noted that since the analysis given here does 
not involve tl1e time variable explicitly, the effect of time difference can be 
included in the above-menti.oned pressure correlations simply by assuming that 
the velocity correlation R •• appearing on the, right hand side of the above-IJ 
mentioned equations is also a function of the time difference. 
As was seen in Section 3, departure from isotropy results in a decrease in the 
mean square fluctuating pressure in the hear field of a single sheer layer, whereas 
in the far field, anisotropy results;n an "ncreO$e in mean .square fluctuating 
pressure. In view of Kraich"an's results for the intet'Qction of turbulence with 
u~lform mean shear 3 , the near-field effects-of anisotropy Cl"8 not unexpected; 
, 
h~ever # the physical interpretation of the difference in near-field and far-field 
effects of an'sotropy obtained here remains unclear. 
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Results obtained in Section 4 for the case of the double shear layer indicate that, 
when the separation between the shetlt layers is of the order of the correlation 
length of the turbulence, interaction between the shear layers (i.e. ,the effect 
of correlation between the fluctuating pressure due to orie shear layer and the 
fluctuating p-essure due to the other shear layer) is significant and results in a 
decrease in the mean square fluctuating pressure compared to the value which 
would be expected if the shear layers acted independently. This decrease is the 
result of the particular velocity profile chosen in the text, rather than being an 
intrihsic characteristic of multiple shear layers. The configuration chos~" has 
mirrO'r symmetry about the XI - x
2 
plane; i.e .': U. (~x3) = U1 (x3 ), so that the 
meansf~ear is anti~ymmetric about this plane. Thus, in the interaction term in 
the expression for the mean square fl uctuating pressure or pressure correlation (see 
(2.13», the product of the mean shear at a point on one shear layer with the 
mean shear at a point on the other shear layer is negative. If the configuration 
is chosen with the mean shear, having anti-symmetry about the XI -x2 plane, so 
that the mean shear is symmetric, then interaction between the shear layers will 
result in aninerease in mean square fluctuating pressure. 
Order-of-rnagnitude estimates obtained in Section 5 for the mean square fluctuat-
ing wall pressure in a turbulent boundary layer show reasonably good agreement 
with other published results,. Although thi's agreement ,is to a certain extent for-
tuitous, in that thefihal result is dependent upon certain assumed parameters 
such as the distance from the wall to the shear layer, it is nonetheless encouraging 
since it indicates that refinements of the "lethod given in the text might well 
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result in even closer agreement with other results,. both theoretical and experi-
mental. Such refinements might include an attempt to approximate the mean 
velocity p-ofile in the boundary layer by several shear layer~1 instead of one as 
was done in the text.· (It is clear, in fact, since any piecewise continuous func-
tion can be approximated arbitrarily closely by means of step functions, that any 
mean velocity p-ofile can be app-oximated as closely as we please by a finite 
number of shear :ayers. Mare complicated velocity p-onles, such as the one 
which exists near the exit of a jet, might be apProximated using a combination of 
shear layers and uniform mean shear; e.g., the velocity p"ofile 
u (x ) == V + ax; x3 <. 0 1 3 1 3 
u (x ) == V + ax; x3 > 0 1 3 -2 3 
where VI f: V2 , gives a shear layer at the plane x3 = 0 superimposed on uniform 
mean shear a.) It should be noted, however, that the degree of computational 
difficulty will increase roughly as the square of the number of shear layelS chosen, 
since interaction between the shear layers must, in general, be considered. 
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APPENDIX 
It is our objective here to evaluate the int4gral 
(A 1) 
where x= (0,0, h), r ~ (~1' ~2' 0), C = (tl' ~,O). Equation (A 1) can be written in the 
alternate form 
(A2) 
... .... 
where ~ = (~1' ~), t = (C.' C2). It is convenient to consider ~ lomewhat more general 
form of (A2); namely 
~I + ~I .... 
d~ , (A3) 
where if = (I)" '12)' and a, b > O. Then 
.... 
10 = 1(0, t; h, h) • (A4) 
, ... 
We now proceed to ev,luate l(ii, t; a, b) :,Ising a method similar to that gtven by 
3' '. . . 9 Kralchnan , which II ~Ied on Q method of Feynrnan • We first write (A3) In the form 
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Substituting for rand r' , and Interchangil')9 the order of integratIon, (A 10) can be 
written 
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If\ we now choose A' . ~~ !le a circle of radius R centered at %'/(1 +,,2) we can corry out 
the Integration over A' to obtain 
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Z2 • Now the first term on the right hand side of 
2 (1+T2) 
(A 12) wi II give no contribution to l\ii, t ; a, b) since its dedvative with respect to 
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%1 is zero. Also, the second· term on the right hand side of (1\ 12) will not contribute 
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to I (fi, t; a, b) since it vanishes as R ..... CD. Equation (A9) then 'can be written 
The right hand side of (A 13) can be evaluated as follows: First differentiate once under 
the integral sign with respect to z, to obtain 
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The integral on the right hand side of (A 14) can then be evaluated by means'of contour 
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where z = 'i - t. This is the de$lred expression for IG;, t; a, b). Then setting 
a = b = hand ii = 0 In (A 15), we have, from (A4), the desired expression for 10: 
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